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A model to describe the effect of unequal reactivity on curing of a diisocyanate with water, polyol and a 
diol was developed. The model predicts whether a given initial composition would gel or not and the 
fractional conversions of functional groups at the gel point. It has been shown that the relative speeds of 
reaction of water and hydroxyl groups can be used to classify water's behaviour as that of a (i) 
nonreactive diluent (ii) monofunctional blocking agent and (iii) chain extender capable of connecting 
branch points. 
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I N T R O D U C T I O N  

The condensation of a polyfunctional monomer  with 
another bifunctional or polyfunctional monomer  can lead 
to the formation of macroscopic dimensional infinite 
networks or gels. Flory 1 provided the theoretical basis for 
calculating the fractional conversions of functional 
groups at which gelation occurs. In this pioneering work, 
he assumed that all the functional groups of the mo- 
nomers are equally reactive. However, this assumption is 
not valid for many industrially important  reactions such 
as those between epoxies and amines z, isocyanates and 
alcohols 3, phenol and formaldehyde 3'4, etc. Three basic 
types of unequal reactivity have been identified. Struc- 
tural asymmetry 5 or asymmetry 6 refers to the situation 
where the different functional groups, which are chemi- 
cally similar react at different rates. Those cases where the 
reactivities of all the functional groups of a monomer  are 
equal but different from that of the very same functional 
groups present at the end of a polymer chain have been 
termed induced asymmetry 6 or first shell substitution 
effects 7. Cyclic monomers  6 which generate a chemically 
equivalent group after reaction constitute the last ca- 
tegory of unequal reactivity. It is possible that a monomer  
may simultaneously possess one or more of these basic 
unequal reactivity characteristics. Miller and Macosko 
presented a procedure for calculating the gel points where 
the monomers have either structural asymmetry s or 
exhibit first shell substitution effect 8. Bokare and Gandhi 9 
analysed the gelation behaviour in epoxy-amine systems 
accounting for the simultaneous influence of first shell 
substitution effect and the side reaction between the epoxy 
and the secondary hydroxyl group which is created as a 
product during the reaction. 

Isocyanate monomers can exhibit a very complex 
behaviour. Several monomers  show the simultaneous 
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presence of structural asymmetry and first shell sub- 
stitution effect 3'1°. In the present work, the theory of 
curing of such monomers will be considered. 

Polyurethanes can be produced by the prepolymer 
method or one-shot process. In the latter process, which is 
commonly used in industry, a diol and a polyol are 
reacted with a diisocyanate. Water and or another 
foaming agent can also be added to the above mixture ifa 
foam is the desired produce  ~. The diol may be a hydroxyl 
terminated polyether or polyester while the commonly 
used diisocyanates are tolylene diisocyanate or methylene 
diphenyl diisocyanate. The polyol could be a compound 
like glycerol. The reaction between hydroxyl group and 
isocyanate group produces the urethane linkage. 

~°'N=C=O + HO~'~" 

H 0 
I II 

~'~-N-- C--O,,'-" 

The reactions between water and isocyanate group are 

H O 
I II 

-"N=C-----O + H20 :'- ," 'N--C--OH (1) 

H 0 
I II 

~',~N--C--OH > ~'NH2 + CO2 (2) 

The gaseous CO 2 liberated in the second reaction acts 
as the foaming agent. The amine generated in the second 
reaction can react with isocyanate group producing 
polyurea linkages: 

~ ' N = C = O  + HzN-"" 

H O H 
I II I 

~N--C--N~"  (3) 

In this work, gel points will be calculated for a one-shot 
batch process employing reaction mixtures containing a 
diisocyanate, a diol, a polyol and water. The diisocyanate 
monomer  will be assumed to exhibit structural asym- 
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metry as well as first shell substitution effects. The 
hydroxyl groups of the diol and polyol will be assumed to 
be equally reactive. 

MODEL OF T H E  SYSTEM 

In polyurethane foam production, apart from the ure- 
thane formation and reactions (1) to (3), allophanate and 
biuret linkages are also formed. Such linkages can contri- 
bute to chain branching and crosslinking. While some 
catalyst systems may promote these side reactions, gener- 
ally their effect can be ignored except at high tempera- 
tures 1 o,1 ~. In the present work, these side reactions will be 
assumed to be absent. 

Urethane formation 
Let us denote the diisocyanate monomer as AIA 2 

thereby explicitly recognizing that the two monomeric 
isocyanate groups will react at different rates. Let us 
denote the diol by B 2 and the polyol by By. The same 
symbol B is being assigned to all hydroxyl groups as all of 
them have been assumed to be equally reactive. The 
structural asymmetry of the diisocyanate monomer can 
be represented by the following equations: 

A2Ax + B ''v" k, ) ,A2AIB.,v. (4) 

AxA2 + B ' '  k2 > ,AIA2B.N ' (5) 

The A 1 and A 2 present at the end of a polymeric chain 
have been clearly distinguished by a star as they 
will react at a rate different from that of the corresponding 
monomeric group due to first shell substitution effects. 
The first shell substitution effect can be modelled as 

.,v'A2A* + B-"" k~' > "v'A2A1B"" (6) 

~"A1A2 + B"" /':*> ""A1A2B'" (7) 

Linear polymerization of such A1A 2 monomer with only 
B 2 monomer has been analysed by Gandhi and Babu 12 
and their results can be applied to analyse urethane 
formation by reactions (4) to (7). 

Reactions with water 
Since reaction (2) is very fast, it will be assumed to occur 

instantaneously. Then a water molecule reacts with one 
isocyanate group and, in effect, generates the amine group 
directly. The amine group can then react with one 
isocyanate group by reaction (3). Such a sequence of 
reactions is similar to those of a cyclic monomer and in 
particular those between an anhydride and hydroxyl 
group. In other words water can be modelled as a cyclic 
monomer. Let us symbolically denote water byCD. The C 
group reacts first consuming one isocyanate group and 
generates a D group (amino group). The D group does not 
exist in the monomer and hence cannot react until the 
'adjoining' C group reacts. Therefore the D group can be 
present only at the end of a chain while the C group 
cannot form the end of a chain. The D group can then 
react with one isocyanate group. The C and D groups can 
react with the isocyanate groups at different rates. For  
simplicity we will assume that the asymmetric characteris- 
tics of A 1A 2 monomer  are inherent to the A 1A 2 m o n o m e r  

and the same characteristics used in urethane formation 
are applicable here also. 

In other words we are assuming that the relative 
reactivities of polymeric and monomeric A 1 and A 2 
groups are unaltered irrespective of the group with which 
they react though their absolute reactivities may be 
different. The reactions with water may then be written as 
follows: 

A2Ax + CD Kk,) ,A2A I CD (8) 

AIA 2 + CD Kk2> ,AIA 2 CD (9) 

The A 1 and A 2 groups of the products of reactions (8) and 
(9) are polymeric in character. Thus we will write 

"x"A2A~ + CD Xk*> ""A2A1 CD (10) 

-"~'AIA~ + CD Xk*> "v'AIA2 CD (11) 

The D (amino) group reactions are 

A2A1 -4- De" X~rk,> .A2A t D,"," (12) 

AaA2 + D"" KRKk2> *AtA 2 D."" (13) 

• ,'--'AzA* + D,,,, ,  K,~gk*) "v'A2At D.,,,- (14) 

-'~'AtA* + D~',~ KRKk*)_ "~'AtA2 D~- (15) 

Reactions (4) to (15) then form the basic model of the 
system. 

PROBABILITY OF N E T W O R K  F O RMA TION 

Initially let only monomers A1A2, B2, B:, CD be present. 
For  the system being considered, gelation occurs through 
formation of structures like 

~-B B~-  

~'B~B--A1A2CD... A2A1BB...AIA2B~B -'~ 
~-B B ~" 

If the probability of occurrence of the above structure 
regardless of the number of intervening bifunctional CD 
and BB units, or the branching coefficient la, can be 
calculated, the gel point can be predicted following 
FloryX 3. The probabilities of finding structures of the type 

~BA1A2--, --A1A2CD--, --AIA2BB--, --A1A2B ( 

are needed to calculate the branching coefficient. All such 
probabilities have been shown 5-9'12 to be related to the 
fraction of the total number of the various groups that 
have been consumed in direct reaction. The probabilities 
and their interrelations can be calculated once the kinetics 
of the reactions are known. An example of such a 
calculation is given in Appendix I. 

Probability of finding unreacted A1A 2 monomer 
This can be simply defined as the ratio of unreacted 

monomer concentrations at any given time and initially. 

= [A]/[A] o 
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Probabilities of reaction of A groups 
During the course of reaction monomeric A~ groups 

are lost by reaction (4) as well as by (5). Reaction (4) 
consumes a monomeric Ax group by direct reaction 
whereas reaction (5) converts a monomeric A~ group to a 
polymeric A~ group. Let A] be the moles ofmonomeric A~ 
groups that have been consumed by reaction (4) per unit 
volume at any time. Following Gandhi and Babu 12 let us 
define the probability that a monomeric A~ groups has 
reacted as 

A] (16) 
ctl - [A] + A] 

Such a definition has the advantage that it reaches a value 
of unity at the end of the reaction when A~ A2 monomer is 
in stoichiomet ric deficiency. Similarly the probability that 
a monomeric A2 group has reacted is 

Ai (17) 
~2 - [A] + A~ 

Note that 

[A]o = [A] - A] - Ai (18) 

When A~ moles of monomeric A2 groups have reacted, 
the same number of polymeric A1 or A* groups have been 
created. If [A~'] is the concentration of unreacted poly- 
meric A1 groups at any time, then A~-  [A*] number of 
polymeric A* groups have reacted by reaction (6). Hence, 
the probability of reaction of polymeric A1 groups can be 
defined as 

~* = A i - [A~'] (19) 
A~ 

During the course of reaction, [ C ] o - [ C ]  moles of CD 
monomer units have reacted and hence that many moles 
of D ends have been created per unit volume. Out of these 
only [D] moles per unit volume of unreacted D ends are 
present. Hence the moles per unit volume of CD units in 
which both C and D groups have reacted is equal to 
[ C ] o - [ C ] -  [D]. The probability of finding a CD unit 
where both C and D have reacted can be defined as 

6 - [ c ] ° -  [ c ] -  [D] (23) 
[C]o 

Again note that r ,  7 and 6 will attain unity at the end of the 
reaction if A 1 A2 monomer is in stoichiometric excess. 

Stoichiometric relationship 
The total number of A groups that have reacted must be 

equal to the total number of B, C and D groups that have 
reacted. Hence 

S -  A](1 +e~) +Ai) l  + ct~') 
= { f [ B I ]  o + 2[B2] o}fl + [C] o(7 + a) 

In terms of the above defined probabilities, the first 
equality reduces to 

S = ~{~q (1 - :t2)(1 + ct~) + ~2(1 - ~q)(1 + ~*)}[A]o / 
{(1 - :q)(1 - ~2)} (24) 

Let us define the fraction of polyfunctional groups, p, 

f[BY]° (25) 
P - f [ B y ] o  + 2[B2]o + 2[C]o 

and fraction of hydroxyl groups contributed by the diol, d, 

Similarly, the probability of reaction of polymeric A 2 

groups is defined as 

~ '  _ A]  - [ A * ]  (20) 
A] 

Probabilities of reaction of B groups 
Let [BI] o and [B2]o represent the initial concen- 

trations of the polyol and diol respectively. Let [B] be the 
concentration of unreacted B ends present at any time. 
The probability that a randomly selected B group has 
reacted is defined as 

[ B ]  (21) 
f l - 1  f [B i ]o+2[B2]  ° 

Probabilities of reaction of CD units 
Let [C]o and [-C] respectively represent the con- 

centrations of the CD monomer initially and at any time. 
Let [D] represent the concentration of unreacted D ends 
at any time. The number of CD units that have reacted per 
unit volume is [ C ] o - [ C  ]. Hence the probability of 
finding a CD unit where C group has reacted can be 
defined as 

2[B2]o 
d -  (26) 

f [ B i ] o  +2[B2]o 

and the fraction of blowing agent groups, b, 

2[C]o (27) 
b---f[Bi]o + 2[B2]0 + 2[C]o 

The above three quantities are related through 

p = ( 1 - d ) ( 1 - b )  or b (1 -d )=  1 - p - d  (28) 

Further let us define the stoichiometric ratio, R, as the 
ratio of initial concentrations of A groups and the 
concentrations of all the groups with which A can react 

2[A]o 
R --f[By] 0 + 2[B2]o + 2[C]o (29) 

Then using relationships (25) to (29), the total B, C, D 
groups that have reacted, S, is given by 

[C]°-[C] (22) 
~= [C]o 

I-A]o 
S = R ( 1 ) d  ~ [ 2 p f l -  + (1 - d - P)(7 + 6)] (30) 
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Probability of a structure of the type -.4 ~A2BB - 
The structure being considered can be formed in four 

ways: 

(i) Monomeric A~ group reacts, then the polymeric A 2 
group reacts with a B 2 unit and the B end reacts 
subsequently, so that -A1A~'BB- can represent such a 
structure. (ii) Monomeric A 2 group reacts, the polymeric 
A~ group reacts with a B 2 unit and the B end reacts 
afterwards. -A2A*BB- represents this type of structure. 
(iii) One B group ofa B 2 unit can react, the other B end can 
then react with monomeric A~ group and the polymeric 
A 2 group can react thereafter. -A*A1BB- symbolises this 
type of formation (read from left to fight). (iv) A B 2 unit 
can react, monomeric A 2 reacts with the other B end and 
then polymeric A~ group reacts. -A~'A2BB- is the repre- 
sentation of this type of formation. The total probability 
of formation of-A1 A2BB- type of unit, irrespective of the 
internal arrangements of AtA 2 or the ways in which the 
unit was formed, is the sum of the probabilities of 
occurrence of the four types of sequences of events listed 
above. 

The probability of occurrence of the first of the above 
sequences will be calculated as an example. The pro- 
bability is given by 

probability of finding ,~// probability that "~{probability that,~ 
a monomeric Ax reacted)[polymeric Az reac t s~  the B end has 

group next to a bond / \  with a BB unit / \  reacted / 

generated react. Following the method employed in the 
earlier section, the probabilities of the above eight 
structures can be calculated and are given by 

Ar • 1. ¢z,Co6 A ~ A ~ A ~ . ,  C_o6 , Co6 ' 
S " 2 S ' S " 2 S ' S "0~1 S ' 

A ~ Co6 A~2 Co6 SO¢~ ' Co6 A] ~z* Co6 Co6 A~2 .~,, _ _  __  

s '  s s s s s s 

respectively. The total probability of finding -A 1A2CD- 
structure irrespective of the internal arrangements of the 
A1A 2 and CD units PCD is then the sum of all the above 
eight probabilities or 

4A] c¢~ + A ~ '  Co6 
PCD 

S. S 

In terms of probabilities and other definitions adopted 
earlier 

0 ~ 1 ~ ( 1  - -  Or2) + 0~20~(1 - -  0q)  
PCD 

4e t-  (1 - 0~2)(1 + 0~*) + 0~2(1 -- ~1)(1 + ~*) 

(1 - d -  p)6 

2pfl + (1 - d -  p)(y + 6) (32) 

f A ]  x f ,2rB2-]ofl~,,,, 

Similarly the probability of the second, third and fourth 
sequences can be calculated to be, respectively, 

A ~ . ~ , 2 [ B 2 ] o f l . f l  ' 2[B2]ofl  f lA]  o~*, 
S S S " S "  

2[B2]ofl  A' 
s =* 

Hence the total probability of finding -A 1A2BB- unit Pan 
is given by 

Aiot t +A~a* 2[B2]o.f12 
P n B = 2  ~ " 

After substitution of relationships (24) and (30) 

~X 1 ~ ( 1  - -  ¢t2) + 0~20t*(1 - -  Oq) 
PnB = 4 

oq (1 -- ~2)(1 + o~) + ~2(1 -- oq)(1 + (x~')" 

pdfl 2 

2pfl +(1-d-p)(y  +6) (31) 

Probability of a structure of the type -AIA2CD- 
Using a similar analysis to the previous section, there 

are eight ways in which the structure being considered can 
be formed. Using a notation similar to the earlier section 
these eight ways can be listed as : -A 1 A~'CD-,-A l A*DC-, 
- A 2 A * C D -  , - A 2 A ~ D C -  , - A ~ A 2 C D - ,  - A * A 2 D C -  , 
-A*A1CD-, -A*A1DC.  As an example, the fifth 
structure may be interpreted to have formed when a 
monomeric A 2 group reacts with CD monomer and 
subsequently the polymeric A1 group and D group 

/ 
Probabilith of a structure of the type --A1A 2 (X 

There are four ways in which this structure can form: 

The probabilities of these four structures respectively are: 

A_~_~. ~,f [B~] off 
S 

c¢,f[Bj.] 0 fl 
f ' '  ' 

f[B:]ofl A~ ot~', f [B/]of l  A] ~ 
S S S S 

The total probability of finding this structure Pn: is given 
by 

pn =2A]ct t + A ~ '  f iB: lo f t  
S S 

and after substitution of earlier definitions 

~1 ~'(1 - 0~2) -~- 0C20~(1 - -  0~1) 
Pn: 

4~ 1 (1 - .2)(1 + & )  + Or2(1 - -  Ot 1)(1 + or*) 

p(1 - d)fl 
2pfl + (1 - d -  p)(y + 6) (33) 

Branching coefficient 
Consider the following structure 

B__(A1A2CD),. (AIA2BB). AtA2B ( 
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The probability of the above structure is simply given by 

fl" (PcD)m(PBB) "" PBs 

However the -AIA2CD and AIA2BB- units can be 
interchanged and it will lead to (m + n)!/(m In I) number of 
structures with the same probability. Hence the total 
probability of finding such a structure irrespective of the 
internal rearrangements is 

(re+n)! 
m !n t PB,(PcD)"(PBB)" 

Branching coefficient is equal to the probability that a B 
group selected at random from one of the By units will 
lead to a B group of another By unit regardless of the 
number of connecting bifunctional units. Thus branching 
coefficient is given by 

Revovery of appropriate limits 
Under appropriate restrictions, the present model must 

reduce to those developed by earlier workers. A few such 
examples are given to demonstrate the validity of the 
present model. The kinetics presented in the Appendix I 
will be used as and when necessary. 

(i) Limit of equal reactivity. When k 2 / k l - K k = l ,  
k*/kt - K ~  = 1 and k * / k E = - K 2  = 1, both the functional 
groups, A 1 and A2, are equally reactive in their mono- 
meric as well as polymeric forms. Further if K = 2 and 
g g = 0.5, the CD monomer behaves like a B E monomer 6. 
Flory's ~3 equal reactivity limit must be recovered with 
these restrictions. The following relationships can be 
easily established from the Appendix with the above 
restrictions: 

7 = 2 f l - - f 1 2 , 6 = f l  2, ~1 =~2 ,  ~ = ~ , 1  - ~ =  

• ~ - -  ( m + n )  1 m . 

.= o, = o p r ' B ' ~  ln w "(POD) (P~B) 
1+=,[-,-=, /1-=,- l 

~, L~-+c q N / l + = , d  (37) 

or 

flPB, 
1 - PCD -- PBB 

Following arguments of Flory la, the gel point occurs 
when 

f lPB I 
when ( f -  1) 1 >~ 1 (34) 

- -  P C D  - -  PBB 

The above criteria along with kinetics of the reactions can 
be used to predict the fractional conversions at which 
gelation will occur. The inter-relations between pro- 
babilities have been derived in Appendix I assuming 
second order kinetics. The gel criteria then simplifies to 

If PA is defined as the fraction of total A groups that have 
reacted, then 

A](1 + at) + A i ( l +  :(~) (Z1 { l + a * )  (38) 
PA= 2[A]o - 1 +cq 

From relationships (37) and (38), it can be shown that 

aa - pA(2-pA) and c~*- PA 
1 + :q  2 2--pA 

Similarly if PB is defined as the fraction of B, C and D 

4f12p(~ + KA~)(I - d) 
Cf- i 

)[ 1 + ct~ + KA(1 + ct*)][2pfl + (1 -- d -  p)(? + 6)] - 4(a~ + KA~)[(1 -- d -  p)6 + pdfl 2] 
i> 1 (3 5) 

The above criteria must be simultaneously satisfied along 
with the stoichiometric relation which now reduces to 

1 
cq .[1 +Ct*+KA(1 + ct~')] = R( 1 -d )  1 +KA:q 

[2pfl + (1 - d -  P)(7 + 6)] (36) 

Both these equations are proved in the Appendix I. 

RESULTS AND DISCUSSION 

The gelation criteria given by relationship (34) can be used 
to predict whether a particular initial composition speci- 
fied by R, p and d will lead to the formation of an infinite 
network or not. Further if a gel were to form, the 
fractional decrease in the initial functional group con- 
centrations required before gelation can occur can also be 
predicted by relationship (34). Results have been obtained 
in this paper for reaction of a diisocyanate with a triol 
( f=  3), a diol and water. 

groups that have reacted, then, it can be shown that 

{f [Bl-]o + 2[B2]o} fl + [C]o(y +6) pB= =8 (39) 

If all the above results are substituted in the stoichiomet- 
ric relationship (36), it reduces to RpA = PB and the gelation 
criteria (35) reduces to 

( f _  1)(1 _ PPAPB >- 1 
(1 --P)PAPB) 

(4O) 

Both these results are identical to that given by Flory 13. 
Note that Flory's r is 1/R and BB monomer in Flory's 
reference is the AA monomer of this paper. 

(ii) Limit of onlyfirst shell substitution effect. This limit is 
obtained when KA = 1, K 1 = K  2. To make CD equiva- 
lent to B2, we let K = 2  and K R = 0 . 5 .  Hence cq=ct 2, 
~ , = ~ ,  7 = 2 f l _ f 1 2 ,  ~=f12. Miller and Macasko 8 
considered gelation of Ag with B 2 where A 9 exhibits 
first shell substitution effect. To compare therefore we 
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have to put g = 2  in their results and f = 2 ,  p = l ,  d=0 ,  
b = 0  in ours. Miller and Macosko 8 define p~ to be the 
fraction of the initial A~ units in which i number of A 
groups have reacted. It is easy to show that 

[A] _ 1 - ~  2[A*] 2 ~ ( 1 -  ~t~) 
P ° = [ g ] o  1 + ~ '  pt= [g]o l+cq 

and 

minimum value of stoichiometric ratio, at which gelation 
can occur when all ~t = 1. For any R < Rmi,, gelation is not 
possible for the same value ofp and d because, before the 
required amounts of polyfunctional B groups can react 
A1A 2 monomer would be exhausted. Similarly there will 
be a Rm~ such that for R > R ~ ,  gelation will not occur. To 
illustrate this point consider as an example gelation of AA 
with B a and B 2. The system is one of equal reactivity and 
d = (1 - p) since b = 0. The gel criteria has been shown to be 

2 A ~  _2~1~ ~ 
P2 = [A]o 1 +cq 

2pPAPs 
/> 1 (41) 

1 - (1 - P)PAPa 

If these results are substituted in the gel criteria given by 
Miller and Macosko, it reduces to 2R~q~/(1 + ~ t ) =  1. 
For  the case being considered, the stoichiometric relation 
(36) simplifies to R~q(l+~*)/(l+~q)=fl and the gel 
criteria (35) is given by 2flct*/(1 + ~t*) = 1. When these two 
are combined the gel criteria is identical to that given by 
Miller and Macosko s. 

Bokare and Gandhi 9 considered the crosslinking o f f  
functional epoxides with g/2 functional primary amines, 
where the amine hydrogens exhibit first shell substitution 
effect. They also considered the side reaction of the 
epoxide group with the secondary hydroxyl group gene- 
rated. If the hydroxyl group is considered to be non- 
reactive and if g=2 ,  their results are for the reaction 
between A1A 2 with By where A1A 2 has only first shell 
substitution effect. As hydroxyl groups are not reactive 
only secondary amine S~ and tertiary amine T 2 (defined in 
ref. 9) exist and gel criteria given by them 9 reduces to 
2 ( f -  1)T2/e0 = 1.72 is the number of tertiary amine units 
or in our notation, AIA 2 units in which both Ax and A2 
have reacted. Hence, 

T2 2A~ ~'  ~lct~ 

e o f [ B y ] -  R1-].-~I 

and gel criteria given is equivalent to 
2(f-1)R~,~*/(1 + ~ 0 = 1 .  This is identical to that pre- 
dicted by relationships (35) and (36). Note d = b= 0 since 
the reaction is between AIA 2 and By only. 

(iii) Limit of only structural asymmetry. This limit is 
obtained when K ~ = K 2 = I  , K = 2 ,  KR=0.5. Hence 

* * ~ f12 .  oq =0c2, 7=2fl--f l  2, 6 For this case Miller and 
Macosko s have given the gelation criteria to be 
r = q lq2 [ 1 + ( f -  2)ay]. q~ and q2 are the fraction of A1 and 
A 2 groups consumed and are easily, shown to be given 
by ~tl(1 +KA0tI*)/(1 +KA~I) and Gtl(K A + ~tl')/(1 +KAt~I) re- 
spectively. Noting that r =  1/R and ay=p, the gelation 
criteria of Miller and Macosko reduces to 
R~xct'~(K A + 1)[1 +(f-2)p]/(1 +KAY1)= 1. Simplifying 
relations (35) and (36) it can be shown that relationship 
(35) is identical with that of Miller and Macosko. 

Gelation envelope 
For a given system, the reaction rate constants are fixed 

and relation (35) can predict the fractional conversions at 
which gelation will occur once R, p and d are specified. 
However, the maximum possible conversion is complete 
conversion of those groups which are in stoichiometric 
deficiency. For  example when R < 1, gel can form only 
when all ~ ~< 1. Hence for a given p and d, by gelation 
condition and stoichiometry, a value Rmi n exists, which is a 

and the stoichiometric equation is given by RPA = Pa. For  
R < 1, the maximum value PA can attain is 1 while PB is 
always less than 1. Using stoichiometry, the gelation 
criteria simplifies to 

2pRp2A 1 
l_(l_p)Rp2>~l or R ~ p l ( l + p  ) 

Thus when PA = 1, R takes its minimum possible value: 
R~nin = 1/(1 +p). Clearly gelation cannot occur at the same 
p . . . . .  ~ R < Rmin since that would require PA > 1. i f  R > Rmi, 
gelation can occur but for PA < i. Similarly if R > i, the 
maximum value possible for PB is 1 while PA < 1. NOW the 
gelation criteria will reduce to 

2pp 2 
(R_( l_p)p2)~ l  or R>~(l+p)p 2 

Hence the maximum value of the stoichiometric ratio, 
R . . . .  at which gelation can occur is given by (1 +p) when 
PB has been equated to one. Gels will form only ifR ~<Rm~ 
and for R < Rm,,, PB > 1 at the gel point. Thus gelation is 
possible only if Rmi n ~ R ~ Rma x for a given p. These two 
limits then define the boundaries of the gelation envelope 
and it is shown in Figure 1 for an equal reactivity case. 
Gelation will occur only if the initial composition falls 
inside the envelope. The plots of Rmi n VS. p and Rma x vs.  p 
will be referred to as the lower and upper boundaries of 
the envelope respectively. The gelation envelopes for 
different parametric values of the reaction rate constants 
and d will be presented in this section. First we shall 
consider the case when d = 0 for simplicity. 

Gelation envelope in the absence of bifunctional monomer 
(i) Rmm versus p. This gives us the lower boundary of the 

gelation envelope. Rmi n would be less than unity and 
therefore AIA 2 monomer is in stoichiometric deficiency. 
The value of Rmi n is obtained when all A groups have been 
consumed or when ~1 = ~t2 = ~1 = ~2 = 1. Then relation- 
ship (35) reduces to 

4f12p 

2pfl + (1 - p)(~,- t~) 
~> 1 or p[4fl 2 - 2pfl + (y - &)]/> (Y - t$) 

(42) 

and relationship (36) reduces to 

2R = 2p/~ + (1 - p)(~, +6) (43) 

In the above we have taken f =  3 and d=0.  By definition 
y - 6  is always positive and 0~<p ~<1. Then relationship 
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P 

Figure 1 Gelation envelope for the case of equal reactivity 
(K=2, KR= I /2, KA=K 1 =K2=1)  

1.0 

(42) can be rearranged to get 

p(4f l  2 - 2 f l ) />  (1 - p)(T - ~) 

and hence the minimum value that fl must attain before 
gelation can occur is given by 

4f12--2fl>~0 or fl~>0.5 

Further note that gelation will occur at fl =0.5 if p = 1 
regardless of the values of the reaction rate constants. The 
value of R , ,  at p =  1 therefore is obtained from re- 
lationship (43) to be 0.5 and this result is common to all 
gelation envelopes. 

If gelation were to occur at fl = 1 and since fl = 1 also 
means that y = 6 = 1, the only value possible for Rm~, is 
unity by relationship (43). Conversely when Rmin = 1, 

f l=~,=b = 1 and any value ofp  i>0 will lead to gelation by 
relationship (42). But when p = 0 only Rmi n = 1 will satisfy 
relationships (42) and (43). Therefore, Rmi n - -  1 when p = 0 
forms a common point for all gelation envelopes. 

Since A~ A 2 monomer is completely consumed, only the 
time required for gelation and not the lower boundary of 
the gelation envelope is affected by the reaction rate 
constants' ratios K A, K ~ and K 2. Only the reactivity ratios 
K and KR, which describe the effect of the behaviour of the 
blowing agent, influence the results. 

Effect of K. This parameter indicates the effect of the 
relative reactivity of the C group. Let us first consider the 
two obvious limits given by K = 0  and K---~oo. When 
K =0,  the blowing agent is nonreactive and hence acts 
simply as a diluent. Both ~ and 6 are therefore zero and 
relationship (42) predicts that gelation will occur as soon 

as /3 reaches 0.5 and hence from relationship (43), 
Rmi, = p/2. This result indicates that as p is increased, more 
AA monomer is required for gelation. It is an expected 
result since as p is increased, the fraction of the reactive B: 
monomer increases while the fraction of nonreactive 
blowing agent decreases. As K---,~ the blowing agent CD 
reacts instantaneously and completely before any B 
groups can be consumed. Hence ~ = 6 = 1 and therefore 
gelation will again occur as soon as fl--0.5. From 
relationship (43) therefore Rmi n = 1 - 0 . 5 p .  First this result 
shows that for the same value of p, Rm~ required for K =0  is 
less than that for K--.oo. This is to be expected since CD 
does not consume any A1A 2 when K = 0  while CD 
requires stoichiometrically equivalent of AtA 2 when 
K - - ~ .  Secondly the above result shows that, unlike when 
K = 0 ,  as p is increased, A1A 2 required for gelation 
decreases. This can be understodd since CD monomer 
consumes At A 2 monomer at the beginning itself forming 
- A A C D -  type prepolymer but not resulting in cross- 
linking. Hence as p is increased, the CD monomer fraction 
decreases and thus the requirement of A1A 2 is reduced. 

The blowing agent can therefore act in two opposing 
ways: as a nonreactive diluent and as a chain extending 
consumer of AA. As p is increased, the former effect tends 
to increase Rmm while the latter effect tends to decrease 
Rmi n. The values of K and p determine the effect that domi- 
nates. It is pertinent here to point out that, had CD 
been assumed to be equally reactive as By, the theory 
would predict a monotonic decrease in Rm~, as p is 
increased. Numerical results illustrating the effect of K 
are presented in Figure 2 for KR=I .  For  K > 2 ,  the 
diluent effect is not there at all and Rmm mono- 
tonically decreases with increasing p. However when 
K is sufficiently low, such as 0.1, very interesting 
behaviour that reflects a balance of the two effects 
already described is observed. At such a low value of 
K, the blowing agent reacts very slowly and should 
behave like a diluent. But at low values of p, large 
amounts of CD are present and thus the low reactivity is 
compensated for by the high concentration. As a result, a 
significant amount of AA is consumed in chain extension. 

1.0 

0.8 

0.6 

0.4 

0.2 

0 #" 

0 

E 

O. 2 0.4 , 0.6 0.8 1.0 

P 

Figure 2 Effect of K on Rmi n. The curves A-E are for K - 0 ,  0.1, 
1, 2 and co respectively with K R- 1 
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0.6 
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0 0.2 0.4 0.6 0.8 1.0 

P 
Figure 3 Effect of K R on Rmi ". Curves A-D are for KR=0, 0.1, 
0.5 and oo respectively with K= 2 

Hence at low values of p, the blowing agent behaves like a 
chain extending agent and increased values of p cause a 
decrease in Rmi n. However, at sufficiently high values of p, 
large amounts of fast reacting B groups are present to 
consume AA monomer leaving the blowing agent 
essentially unreacted. The blowing agent now essentially 
plays the role of a diluent and hence increased p results in 
an increased Rmi n. This conclusion is confirmed by 
calculations which show that 7 ~6  ~ 0  in curve B till the 
minima is reached. To the left of the left boundary of this 
curve, gelation will not take place since too few B3 
molecules are there to create sufficient number of 
connected branch points. No gelation is possible to the 
right of the right boundary since excess of B 3 monomer is 
present leading to too many unconnected B groups. 

All the curves of Figure 2 indicate, as expected, that at 
constant p an increased value of K would mean more 
consumption of AA by CD or larger chain lengths 
between branch points and hence increased Rmi n. Another 
conclusion we can draw from these curves is that, if R is 
fixed, gels can be formed even if large amounts of blowing 
agent are added i f  a retarding agent for its reaction is 
found. 

Effect of KR. Again, it will be fruitful to investigate the 
two limits of KR=0 and KR---*oo. When KR=0, the D 
group is unreactive and hence CD acts like a mono- 
functional blocking agent and & = 0. The gel criteria now 
reduces to 

>. Rmin 
p : / 2 f l  2 (44) 

and stoichiometric relation is given by 

2R = 2pfl + (1 - p)T (45) 

When fl = 1, y is also equal to unity and R = i +0.5p (from 
relationship (45)). We can therefore infer from relationship 
(44) that gelation will occur only if p ~> i/3. This is shown 

in Figure 3 in curve A. The top portion of curve A was 
obtained for ct < 1 and fl < 1 for the indicated values of the 
parameters. The relationships (44) and (45) cannot be 
combined into one analytical expression and numerical 
results can be presented only after assuming a value for K. 
The portion of the curve A for 1/3~<p~<1 has been 
calculated for K = 2. As p is increased, the fraction of 
blowing agent is decreased and the amount of AA 
monomer wastefully consumed and blocked decreases. 
Thus Rm~. decreases as p is increased as seen in Figure 3. 

When KR---,oo the D group reacts instantaneously or in 
effect each C group that reacts consumes two A groups. 
Thus 7 = & and therefore gelation occurs as soon as fl = 0.5. 
Stoichiometry requires that 

R = pfl + (1 - p)~ = pfl + (1 - p)[1 - (1 - fl)K] 

and therefore 

Results of this limit are represented by curve D of Figure 3 
for K = 2 .  Note that at p = 0 ,  fl=0.5 is a meaningless 
criteria and hence gel will form only if Rmin = 1. In this limit 
also, like in the limit of KR---~0, as the value of p is 
inc reased ,  Rmi n decreases and this is to be expected as the 
blowing agent behaves like a chain extending agent. 

The effect of increasing KR on Rm~n at constant p is quite 
unexpected as Rmi, increases at first and decreases later. 
This can be observed from Figure 3. At low values of K R, 
the D group does consume A groups but at such slow rates 
that CD monomer essentially behaves like a blocking 
agent. Hence, increasing KR from zero effectively leads to 
increased consumption of A groups but not to effective 
chain extension as long as KR is sufficiently low. Thus 
initial increases in K R from zero will increase Rm~,. 
However as K R is increased further the blocking effect 
vanishes and CD will now participate in effective chain 
extension or connecting branch points. This effect will 
then decrease the requirements of A groups and hence 
Rmi n will decrease. Another useful conclusion from these 
results is that if KR is increased to sufficiently high values 
by catalysis, gels can still be obtained by addition of larger 
amounts of blowing agent at constant R. 

Figures 4 and 5 display the combined effects of K and 
K R for different sets of values. 

(ii) Rm~ versus p. This gives us the upper boundary of the 
gelation envelope. Rmax will be greater than unity or the A 
groups are in stoichiometric excess and hence the upper 
boundary is obtained when fl = ~ = 6 = 1. The only para- 
meters of significance therefore are K A, K 1 and K 2 as 
relationships (35) and (36) now simplify to 

1 1 q-K A 1 
p>~a~ +KAo~ ~ 2~<1 (46) 

and 

, 2 
cq [1 +a* +KA(I+cq)]  = ~  

1 +KAal 
(47) 

In particular note that d does not have any effect. The only 
point common to all gelation envelopes is p = 0  and 

602 POLYMER, 1985, Vol 26, April 



1.0 

.c 0.5 
4 

Gelation phenomena in polyurethane systems: K. S. Gandhi and S. Mall 

constant p. Thus the effect of increased value of K A is to 
decrease Rm,x, as shown in Figure 6 by curve B. 

Effect o fK  1 or K 2. First consider the case when g k =  1 
and KI  = g 2 .  If K~ o r  g 2 is greater than unity the 
polymeric A groups react faster than monomeric A 
groups or the processes of connection of branch points 
and chain extension are promoted. Hence larger amounts 
of AA monomer  can be utilized or Rm,x is increased at 
constant p. This is shown by curve C of Figure 6. 

At constant p therefore the effects of increased K k and 
K1 (or K2)  o n  Rmax are in the opposite directions. The net 
effect is determined by the numerical magnitudes of these 
constants. This is illustrated in Figure 6 by the other 
CU ryes. 

It is observed in all these curves that as p is increased 
Rmax increases. When p is increased the fraction of By 
increases. Gelation will not occur if AIA2 monomer  
terminates all B, C, D groups without linking two branch 

1.0 points and this happens when A1A 2 is in excess of Rma x. 
However the chances of two branch points being con- 
nected are increased when the fraction of the polyfunc- 
tional groups or p is increased and therefore more A1A 2 
monomer  can be tolerated by the reaction mixture. Hence 
as p is increased Rm,, also increases. 

Gelation envelope in the presence of difunctional monomer 
The broad principles discussed in the previous sections 

will still hold in explaining the influence of the presence of 
B 2 monomer  or when d # 0 .  Firstly it has already been 
noted that the Rm,x vs. p curve is not influenced by d and 
hence we need to discuss only Rmm vs. p. The relevant 

0 I 
0 0.5 

P 

Figure 4 Effect of  K R on Rmi n. K n for the curves A and B are 
0.1 and 5 respect ively wi th  K = 5  

1.0 

OI 
0 

E 

0 .5  1.0 

• -= 0.5 

P 

Figure 5 Effect of  K R on Rmi n. Curves A - E  are for KR=0, 2, 2.5, 
5 and 7.5 respect ively w i th  K=0.1 

8° I 

7.o[ 

6.0t- / E 

5.0 

4.0 

Rma x = 1. This can be seen from relationship (46) since if 
p = 0, relationship (46) can be satisfied only if c~* = ~* = 1 
which in turn implies that ~1 = ~2 = 1. Numerical results 
illustrating the effect of KA, KI  and K2 are shown in 
Figure 6. 

Effect of Kn. Note that KA/> 1 since labelling of 1 and 2 
on A groups is arbitrary. For  simplicity let us first 
consider the case when K~ = K z = 1. If the value of KA is 
greater than unity, Az reacts faster than A 1 and hence if 
large amounts of A~ A z monomer  are present, all B groups 
are consumed by A z groups leaving A~ groups unreacted. 
To promote  crosslinking, the Ax groups have to be forced 
to react and this can be achieved only by decreasing R at 

5.0 

C 2oL / J  J A  
B 

1.0 
0 0.2 0.4 0.6 0.8 1.0 

P 

Figure 6 Effect of  K A, K 1 and K 2 on Rma x. The values of the 
above parameters for  the var ious curves are: A: 1, 1, 1 ; B: 5, 1, 1 ,; 
C: 1 ,4 ,  4,; D: 10, 10, 10 and E: 2.5, 10, 10 
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Figure 7 Effect of the addition of the difunctional monomer on 
Rrnax for K=0. Curves A and B represent d=0 and 0.5 respectively 
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Figure 8 Effect of addition of the difunctional monomer on 
Rmi n for K=oo the curves A-C ate for d=O, 0.2 and 0.5 
respectively 

parameters therefore are K and K R only. The limiting 
results for K and KR----*0 and oo can easily be derived and 
will not be presented. Moreover, the effects of K and K R 
are unaltered by the presence of B2 and hence need not be 
discussed. We shall focus our attention on the effects of d. 
It is convenient to recall that p=(1 -d ) (1 -b )  by 
relationship (28). Firstly it should be noted that the 
maximum permissible value for p is ( 1 - d )  when b=0.  
Further if d is increased while p is kept constant, it implies 
a decrease in the concentration of the blowing agent in the 
reaction mixture. The results therefore can be understood 
in terms of the relative effectiveness of B2 and CD in 
creating connections between branch points. In the 
following discussion it is assumed that p is kept constant. 

(i) K = 0 :  Here CD is a nonreactive diluent. Thus ifd is 
increased, the fraction of B2 monomer, which consumes A 
groups, is increased. We can therefore expect R~i. to 
increase. This is shown in Figure 7. 

(ii) K--.oo: Here CD is an instantaneously reacting 
blowing agent and hence consumes more A groups than 
B2 monomer. Hence as d is increased, the slow reacting Bz 

replaces the fast reacting CD resulting in a decreased Rmi.. 
This is shown in Figure 8. 

(iii) KR=0:  The CD monomer is a monofunctional 
blocking agent which consumes A groups wastefully. 
Thus as d is increased we expect Rmi, to decrease as B2 
does not have any blocking effect. This is shown in 
Figure 9. 

(iv) KR---*oo : Here the CD monomer is more effective in 
chain extension and providing linkages than the B 2 
monomer, due to the fact that the D group reacts at a 
faster rate than a B group. Hence we can expect Rmi, to 
increase as d is increased. This is shown in Figure 10. 
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• ~- 0 . 5 -  

¢ 
0 

Figure 9 
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Effect of addition of the difunctional monomer on 
Rmi n for KR=O. The curves A-C are for d=0, 0.5 and 0.8 
respectively 
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Figure 10 Effect of addition of the difunctional monomer on 
Rrnin for KR=oo. The curves A -D  are for d=0, 0.2, 0.5 and 0.8 
respectively 
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Figure 11 Effect of addition of the difunctional monomer on 
Rmi n for K=0.1 and KR=I. The curves A-D are for d=0, 0.2, 
0.5 and 0.8 respectively 
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Figure 12 Effect of difunctional monomer concentration on 
Rmi n for K=2 and KR=0.1. Curves A-D are for d=O, 0.2, 0.5 and 
0.8 respectively 

For values of K and K R in between the above discussed 
limits, the behaviour is illustrated in Figures 11 and 12 and 
can be explained along lines similar to the ones used 
above and in the previous sections. 

Gel point calculation for incomplete conversions 
The curves for incomplete conversions will lie inside the 

gelation envelope. If a value of cq (<  1) is fixed, all the 
other values of at 2, cq, ~2, fl, V and 5 can be calculated from 
the kinetic parameters. For  these probabilities, the values 
of R, p and d that will satisfy relationships (35) and (36) can 
be determined and plots of R versus p can be generated. It 
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Figure 13 Gelation envelopes for incomplete conversion of all 
the monomers. The Figure is for K=0.1, KR=2, KA=2.0, K 1 =1.5 
and K 2 = 3.0 

was found that the effect of rate constants on such plots 
was similar to that observed on gelation envelopes. A 
typical plot is shown in Figure 13. The curves start inside 
the lower half of the gelation envelope. To start with 
/3>0.5 and it steadily increases as R is changed. At some 
value of R, fl attains a value of unity. This particular value 
of R will lie on Rma x vs. p curve. Such parametric curves 
give an indication of the extents of conversion attained 
when gelation occurs for any initial composition specified 
by R, p and d lying inside the gelation envelope. 

CONCLUSIONS 

A model for describing the curing behaviour of a mo- 
nomer with structural asymmetry as well as first shell 
substitution effects has been developed and was applied to 
systems consisting of a dissocyanate (A 1A2), a polyol (BI), 
a diol (B2) and foaming agent water (CD). The gelation 
condition was derived and it predicts (i) whether a given 
initial composition of the reaction mixture will lead to a 
gel or not and (ii) the fractional conversions of functional 
groups required before gelation can occur. 

Gel formation at complete conversion of the groups in 
stoichiometric deficiency defines the boundaries of gel- 
ation envelope and only those initial compositions which 
lie inside the envelope can lead to the formation of infinite 
networks. The boundaries of the gelation envelope have 
been presented as a plot of the ratio of the concentration 
of A groups and the concentrations of groups with which 
A can react, Rma x o r  Rmin, versus the fraction of the 
polyfunctional groups p. 

Water can influence gelation behaviour in three ways 
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by acting like a non-reactive diluent, a monofunctional 
blocking agent and an effective chain extender linking 
branch points. As the water content in the reaction 
mixture is decreased, Rmi n would increase if it were to 
operate like a nonreactive diluent and Rmin would de- 
crease if the other two ways were operative. The total 
behaviour is a combination of all the three aspects and is 
determined by the relative speeds of reaction of water and 
hydroxyl groups. 

The asymmetric characteristics of the A~A2 monomer 
can either promote or retard chain extension. Structural 
asymmetry retards chain extension. A first shell sub- 
stitution effect that makes polymeric A ends to react faster 
than monomeric A ends promotes chain extension. At a 
constant p, Rmax was found to increase if the overall effect 
of structural asymmetry and first shell substitution effect 
was to promote chain extension. 

Calculation of conversions at which infinite networks 
form for compositions which lie inside the gelation 
envelope has also been illustrated. 
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APPENDIX I 

If it is assumed that reactivity of an end group is 
unaffected by chain length and that second order kinetics 
apply, the following equations can be written. 

d[A] _ (kt +k2)[A]{[B] + K [ C ]  +KKR[D]} (A1) 
dt 

dA] 
dt -k~[A]{[B]  + K [ C ]  + K K , [ D ] }  (g2) 

dAi 
dt - k2[A]{[B] +K[C] +KKR[D]} (A3) 

d[A~'] dA i 
dt -- dt i- k*[A*]{[B]+K[C]+KK.[D]} 

(A4) 

d[A~'] dA~ 
dt - dt ~-k*[A*]{[B] +K[C] +KK.[D]}  

(A5) 

die] 
- d--~=K[C]{(k, +k2)[A] +kt[At] +k2*[A2*]} 

(A6) 

d[D]  =d[C] +KK.[D]{(k, +k2)[A] +k*[A*] 
dt dt 

+k*[A*]} (A7) 

d[B] 
- d t = [ B ] { ( k ,  +k2)[A ] +kt[A*] +k*[Al]} (A8) 

Since initially only monomer is present, A ~ = A ~ = 0  
initially~ 2. Dividing relationship (A3) by relationship (A2) 
and integrating with the above initial condition 

A~ =KAA] (A9) 

where KA = k2/kl .  Combining this with relationships (16) 
and (17) it is easy to show that 

~2(1 - ~1) 
• 1(1 -ix2) 

= KA (A10) 

Initially [A*] = [A*] = 0  and these are the initial con- 
ditions for relationships (A4) and (A5) 12. Substituting 
relationship (A3) into relationship (A4) and dividing the 
resulting equation by relationship (A1), 

d[A*] k 2 k* [A*] 

d i g ]  k~+k2 k~+k2 [g ]  

The initial AxA 2 monomer concentration is [A]o. Hence 
the above can be integrated x2 with the condition that 
[A*] = 0  when [A] =[A]o.  The result is 

[A*] KA VIA] _ / [ A  3 .~ K, ]  
[A]o K_I_K~L[A]o \[A]o]~+,_j (All) 

where Kx = k*/kl .  Similarly substituting relationship (A2) 
into (A5), dividing by relationship (A1) and integrating 

_ A KAKz 
[A*]  1 F[A] _{[A] "~--I (g12) 
[A]o K A K 2 S K A - - 1 L [ A ] o  ~[A]o]  K+I] 

where K 2=k*/k 2. These results are identical to those 
given in ref. 12 and hence equations (20), (23) and (24) of 
that reference, reproduced below, are also valid 

[A] 1 -  0t~ KA(1-- ~2) (A13) 
a t= [A]o-KA~l  + 1 - ~t2 -1- K 

KAat,+l ~" 1--~, ( 1--~, ) r' } 

(AI4) 

KACq +1 ~" 1-ct, 
1 -~* = Ctl(KAK2_ 1 -KA) ~.KACq + 1 

( 1-Ctx '~KAK2~ 

K-A~- ' + 1 ] ~ I  

(A15) 

The above can be easily obtained by combining re- 
lationships (16) to (20) with relationships (A9) to (A12). 
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For the other groups, the initial conditions are 
[C] = [C] o, [D] = 0 and [B] = [B] o = f [ B I ]  o + 2 + [BE] o. 
Dividing relationship (A6) by (A8) and integrating after 
using relationships (21) and (22) 

(1 - y )=  (1 -/3)K (A16) 

Dividing relationship (A7) by (A6) and integrating after 
using (22) and (23) 

~ = ~- ~ [ 1  -(1 - ~)~-'] (A17) 

Substituting these relations in (24) and equating it to (30) it 
is easy to show that stoichiometric relation reduces to 

~(1 [1 +7*+KA(I +a*)]= 
KAal + 1 

1 
R(1 - d) [2pfl + (1 - d - P)(7 + 6)] 

which is equation (36). 
Similarly it is easy to show that 

~'~ + Kaa~ pdfl 2 

PaB = 41 + az* + K,(1 + a t) 2p/3 + (1 - d -  p)(~ + b) 

PCD ~ 4 
a~' + KAy* (1 -- d - p)5 

1 + c~* +KA(1 +c~*) 2p/3 +(1 - d -p ) ( y+~ )  

a* + Kaa* p(1 - d)fl 
PB~ 

=4(1- + ~') + KA(1 + a*) 2pfl +(1 - d -  p)(? +6) 

These relationships can be substituted into the gelation 
condition (34) to obtain (35). Further if any one pro- 
bability is known the rest can be calculated for a given 
initial composition specified by R, p and d. For  example if 
cq is known, c~, ~* and ~* can be calculated by re- 
lationships (A13), (A14) and (A15) respectively, y and 6 are 
related to/3 and hence the stoichiometric relationship (36) 
can be used to obtain 13. The value of al at any time can be 
obtained by integration of (A2) as indicated earlier 12. 
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